Abstract. The paper contains a complete characterization of the moduli of BMOA functions. These are described explicitly by a certain Muckenhoupt-type condition involving Poisson integrals. As a consequence, it is shown that an outer function with BMO modulus need not belong to BMOA. Some related results are obtained for the Bloch space.
Introduction.
Let D denote the disk fz 2 C : jzj < 1g, T its boundary, a n d m the normalized arclength measure on T. Further On the other hand, the very natural (and perhaps no less important) problem of characterizing the moduli of functions in BMOA seems to have been unsolved (or unposed?) until now, and the present paper is intended to ll that gap.
Thus, we look at a measurable function ' 0 o n T and ask whether (1.2) ' = jfj for some f 2 BMOA f 6 0 :
The two immediate necessary conditions are (1.1) and ( We have thus reduced condition i) to (2.4), and we now proceed by looking at (2.4) more closely. To this end, we x a point z 2 (' 2) and introduce the sets
Using the function R(u) from Lemma 1, we write (2.5)
Now if 2 E 1 then '( )='(z) 1=2, and Lemma 1 tells us that
Integrating, we get
In order to estimate I 2 (z), we observe that
2 k'k as follows from Lemma 2. Besides, for 2 E 2 one obviously has
Using (2.8) and (2.9), we see that
and 0
where the last inequality relies on (2.7). The function t 7 ;! t 2 exp (;a t ) (1 + log t) t 2 being bounded for any xed a > 0, we conclude from (2.11) that
Together with (2.10), this means that
A juxtaposition of (2.5), (2.6) and (2.12) now yields
Finally, recalling the assumption z 2 (' 2), we note that E ; 2 = f 2 T : '( ) < 1g (indeed, if 2 T and '( ) < 1, then '( ) < '(z)=2, so that 2 E 2 ). for some M > 0 we have thus arrived at ii). On the other hand, we have seen that (2.4) is a restatement of i). The desired equivalence relation is therefore established.
We proceed by pointing out a few corollaries of Theorem 1. Corollary 1. Let ' is continuous at 0 , we would have lim n!1 '(z n ) = ' ( 0 ) 3. An outer function with BMO modulus that does not belong to BMOA.
Although Theorem 1 provides a complete characterization of the moduli of BMOA functions, one may still ask whether the obvious necessary conditions (1.1) and (1.3) are also su cient for O ' to be in BMOA (equivalently, whether condition ii) of Theorem 1 follows automatically from (1.1) and (1.3) ). An a rmative answer might parhaps seem plausible in light of corollaries 2 and 3 above. However, we are now going to construct an example that settles the question in the negative. In other words, we prove To this end, we rst note that z k (E k ) = const, and so
which proves (3.6). Further, we write
Together with the simple fact that z k (J k ) const jJ k j the inequality (3.9) gives Using the elementary inequality j log uj 2 ju ; 1j u 1 2 we obtain (4.6)
Repeating again some steps from the proof of Theorem 1, we i n troduce the sets E + 2 def = f 2 E 2 : '( ) 1g E ; 2 def = f 2 E 2 : '( ) < 1g and note that, since z 2 (' 2) (which is assumed from now on), we actually have (4.7) E ; 2 = f 2 T : '( ) < 1g :
This done, we write
The estimate (2.7) from Section 2 says .7)). Using (4.9), (4.10) and (4.11) to estimate the right-hand side of (4.8), we get
Since sup Combining (4.6) and (4.13) yields (4.14)
Finally, substituting (4.14) into the right-hand side of (4.5) and noting that jO ' (z)j '(z) (say, b y Jensen's inequality), one eventually arrives at (4.3).
Proof of Theorem 3. Let M 2 b e a n umber for which (4.2) holds. Since ' 2 BMO, the desired conclusion that O ' 2 B now follows by Theorem 3.
Remarks. 1) Of course, there are outer functions f 2 BMOA with f 2 = 2 B . For example, this happens for f(z) = l o g ( 1 ; z), where log is the branch determined by log 1 = 2 i.
2) Let ' 0 on T. Recalling Muckenhoupt's (A p ) condition (see 3) There used to be a question whether there existed a function lying in all H p classes with 0 < p < 1 and in B, but not in BMOA. Various constructions (based on di erent ideas) of such functions were given in CCS], HT] and D2]. Our current results show how to construct an outer function with these properties. Namely, it su ces to nd a function ' satisfying (4.1) and (4. Finally, w e m e n tion the recent paper D6], which is close in spirit to the current one.
